ON FUNCTION THEORY IN QUANTUM DISC: 
A q- ANALOGUE OF BEREZIN TRANSFORM 



D. Shklyarov S. Sinel'shchikov L. Vaksman 

Institute for Low Temperature Physics & Engineering 
National Academy of Sciences of Ukraine 

Let a be a positive number. 

Section 1 of this work contains a study of Toeplitz-Bergman operators with finite sym- 
bols in the quantum disc, and section 4 deals already with Toeplitz-Bergman operators with 
bounded symbols. An alternate way of producing Toeplitz-Bergman operators with polyno- 
mial symbols is described in section 7 (lemma 7.2). 

Section 2 introduces a Berezin transform B q ^ a for finite functions in the quantum disc; the 
same is done in section 4 for bounded functions. An alternate way of constructing a Berezin 
transform for a polynomial function is described in sections 6, 7 (proposition 6.6 and lemma 
7.2). 

An asymptotic expansion (3.2), (3.6) for a Berezin transform for a finite function is ob- 
tained in section 3; a similar expansion (5.2) for the case of a bounded function can be found 
in section 5. An application of the latter result to formal series with polynomial coefficients 
in section 8 affords the main result of this work (theorem 8.4). 

We use the background and notation used in [||, ||, |l0| . 



1 Toeplitz-Bergman operators with finite symbols 

Consider the covariant algebra C[z] q (see ||). Algebraically it is isomorphic to the polynomial 
algebra C[z], and the C/qS^-action is determined by the relations 

K ±l z = q ±2 z, Fz = q 1/2 . 

We also follow [^] in using a covariant (left) Cfz^-module with the generator 1 and the 
relations 

K ±1 l = q ± ( 2a+1 H, F1 = 0. 

Denote this covariant module by C[z] g)Q 

Let F q ^ a C End(C[2:] gjQ .) be the covariant algebra of linear operators A : z 3 \— > Yl a mjZ m , 

j € Z+, with finitely many nonzero matrix elements a m j. In virtue of this definition, F q>a 

Our immediate purpose is to construct a morphism of C/gB^-modules D(U) q — > F q a which 
is normally called a Toeplitz quantization. 



Remind the notation (see ||): 



1 _ /j4a 

1 ^ ' »■ • *\2a+l. 



(h,f2) q ,a = J ftfldv a . (1.1) 

1/2 

Form a completion of the linear space D{U) q with respect to the norm ||/|| g ,a = (f,f)q,a- It 
is easy to show that this Hilbert space admits an embedding into D(U)L and is canonically 
isomorphic to the space L^ a defined in ||. 

Let P q ^ a be the orthogonal projection in L qa onto the closure H qa of the subspace 

o 

C[z]g jQ C Lq a . Given /e D(U) g , we call the linear operator 



/ : C[z] q , a -» C[z] g , Q ; f:i/>»P q , a (fi/>), ifj £ C[z 



a Toeplitz-Bergman operator with the finite symbol /. This is well defined, as one can see 
from 

o 

Proposition 1.1 With /£ D(U) q , for all but finitely many m,j G Z + f/ie integral I m j = 

o 

z* m / z 1 dv a is zero. 



Proof. It was shown in ||] that for any /€ D(U) q one has z* N f=f z N = for some 



o o 

N € N. Hence J mj - = if max(m,j) > JV. □ 

A straightforward consequence of proposition 1.1 is that the Toeplitz-Bergman operator 
with a finite symbol belongs to the covariant algebra F q ^ a . 

Proposition 1.2 Toeplitz quantization D(U) q — > -Fg, Q , 7 1 — ► /, *s a morphism of U q sl 2 - 
modules. 

Proof. One can deduce from the invariance of the scalar product in C[z]q jQ and the 
covariance of the left CjzL-module C[.z] giQ: that the linear map 

D(U) q ® C[*],, a -» C[*] ff>a ; / ®V P,, a (/ V) 

is a morphism of f/qS^-modules. On the other hand, we need to demonstrate that the linear 
map 

D(U) q ^C[z] q , a ®C[z]l a , f»f 

(the tensor product here requires no completion due to proposition 1.1). Observe that the 
two statements are equivalent to [/gSt2-invariance of the same element of the correspond- 
ing completion of the tensor product F qtCC ® D(U)' q , which is determined by the canonical 
isomorphisms End c (V 1 ,V 2 ) ~ V 2 ®V{ , (v[ <8> V 2 )* ~ V?®VJ\ □ 
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Remind the notation Fun(£/) 9 = Pol(C) g + D(U) q . A very important construction of H 
was the representation T of Fun(U) q in the infinitely dimensional vector space H. A basis in 
H was formed by the vectors Vj = T(z j )vq, j £ Z + (see ||). T provides a one-to-one map 
between the space of finite functions D(U) q and the space of linear operators in H whose 
matrices in the basis {vj}j € i + have finitely many non-zero entries. For j £ Z + , let fj stand 
for such finite function that T(fj)vk = Sj^v/,, k € Z+. 

The relation (1 — zz*)vj = q ^Vj, j € Z+ , motivates the following definition: 

oo 

(1 - ZZ*) X = f E ^/n, A € C. 

n=0 

(The series converges in the topological space D(U)' q .) 

The work || presents an explicit form of the invariant integral in the quantum disc. It is 
easy to show that for any finite function / 



J fdv=(l-q 2 )tiT(f(l-zz*) 



Remark 1.3. Let /o be the Toeplitz-Bergman operator with symbol /o- It follows from 
the relations z* fo = foz = 0, J f^dv = 1 — q 2 that 



/o : *> 



l-q 4a , j = 
, J^O 



Now the relation (1.1), the trace properties and the definition of D(U)' q imply 

Lemma 1.4 

1. For all f G D(U) q , A € C 



f{z){l-zz*) x dv = j (l-zz*) x f(z)dv, 

U a 



2. 

' fl(z)f 2 (z)(l-zz*)dp(i) I h( --)./! C-)(J :: : i^C) 

/or all fx(z) e D(U)' q , f 2 (z) € D(U) q . 

The following proposition describes an integral representation for matrix elements of 
Toeplitz-Bergman operator. 
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Proposition 1.5 Let fe D(U) q and f : C[z] 9jQ — > C[z] q%a ; f : z^ \—> fmjZ rn be a 

o 

Toeplitz- Bergman operator with symbol f. Then 



~l-q 2 



fmj = ~j / P *,mi f (*)<M*)> (1-2) 



with 

( 4a+2 2\ 

P z , mj = [Q , 2 ' 2 \ )m q 2j zi(l - zz*) 2a+1 z* m . (1.3) 
Proof. Apply the relation || || 

I m l\ (q 2 ]Q 2 )m r i r- *77 

\q ) y )m 

to get 



l-<? 2 (g 2 ;g 

Hence, by lemma 1.4, 

1-g 4 " (q 4a+2 ;q 2 ) r 



( f zi z m ) (a 4a+2 - a 2 ) i 

tmj- {z m jZ m ka ~ {q 2. q 2 )m I ~ ' " 

U q 

1 _ n 4a (n 4a+2 - a 2 ) f ° 

g W ,9 V z * m f Z i(l-zz*) 2a+1 dv. 



2 

'm J 

u, 



(q 2 ;q 

It remains to apply the relation 



f mj = • " 2 . g 7m / (1 - zz*)zi(l - zz*) 2a z* m f dv. (1.4) 



(1 - zz*)z = q 2 z(l - zz*). □ 



Remark 1.6. The matrix P z = (P z ,mj)m,jeZ + 1S a q-analogue for the matrix of a one- 
dimensional orthogonal projection onto the subspace generated by the vector k z from an 
overfull system (see |j]]). A q-analogue of the overfull system itself is presented in the Ap- 
pendix. 

Remark 1.7. It follows from proposition 1.2 and the relation U q s\<i ■ /o = F qa to be 

o ^ 

proved later on (see proposition 6.4) that the map D{U) q — » F q>a , ft— » /, given by Toeplitz 
quantization is onto. 



2 Berezin transform: finite functions 

Consider a U q S [2-module V and the covariant algebra Endc(V)/ ~ (g) V*. There is a well 
known (sec [J) formula for an invariant integral 

tv q : End c (F) / -»■ C, tr, : A >-> tv(A ■ K~ l ). 
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In the case V = C[z]q tOC and A : z 3 i— > a mjZ m being an element of the covariant algebra 

F q , a C End c (C[z] q>a )f, one has ti q (A) = J2 akkq~ 2k - 

fcez+ 

Given a linear operator / G i^,aj a distribution / G D(U)' is said to be a symbol of / if 
for all $e D(Z7) g 

/• J di/ = -L^tr ff (/#). (2.1) 

(Here ^ is the Toeplitz-Bergman operator with symbol ^.) 

This definition is a q-analogue of the Berezin's definition, as one can observe from relation 
(3.15) from Q. 

Proposition 2.1 The covariant symbol of a linear operator f : z 3 i— > fmjz" 1 j £ 



/rom i/ie algebra F qot) is given by 



f = tv q (f-P z ) = J2 fjmPz,mjq- 2j ■ (2.2) 



Proof. By a virtue of (1.2) 

1 -g 4a 



■V 



u q V 9 i."*GZ + / 

Note that the integral representation (2.2) is a q-analogue of the relation (3.4) in [Q]. 

On can deduce from the covariance of algebras D(U) q , F qa , the invariance of the integrals 
v : D(U) q — > C, tr g : F q>a — > C, the "integration in parts" formula ||, proposition 2.1], and 
proposition 1.2 the following 

Proposition 2.2 The linear map F qjCt — > D(U)' q , f i— > /, which takes a linear operator to its 
covariant symbol, is a morphism of U q sl2 -modules. 



As in |13[, we call the covariant symbol / for the Toeplitz-Bergman operator / with 

o o 

symbol f€ D(U) q a Berezin transform of the function /. The associated transform map will 
be denoted by B q ^ a : 

B q , a : D(U) q - D(U)' q , B qja :°f ^ f. 
Propositions 1.2 and 2.2 imply 

Proposition 2.3 The Berezin transform is a morphism of U q sl2-modules. 
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with b q ^a G D(U x U)' being given by 

*\2a+lf-t a^*\2q+1// 2 */- 2\ („/-*. „2 



Example 2.4. Let / G F q ^ a be given by fz^ = | q' j ^ o • Then one has / = (1— zz*) 2a+1 . 

~^ ' 3 . ~ Jj (see Example 

1.3). 

To conclude, we prove that Berezin transform is an integral operator, and find its kernel. 
In this way, a q-analogue of the relation (4.8) from Q is to be obtained. 

o 

Proposition 2.5 For all /G D(U) q , 

(B q , a f)(z) = [ b q Jz,0°f(()dv(0, 



W*> = - ^T a+i U - CC* ) to+i {(9 2 ^C; ^)-( 2 a+i) • «*; ^)- ( 2 Q+ i)}. 

('See Jlq 1 / for the definition of {.,.}.) 

Proof. Consider the linear operator 

B q , a : D(U) q -> D(C7)' 3 ; :/,- | C) / (QMO- 

Da 

Its kernel coincides up to a constant multiple to the invariant kernel k 2 2 2a+1 ^ • fc^/ 20 (see 
@). Hence, H,, q, is a morphism of L^jS^-modules by [^, proposition 4.5]. Note that B qa 
possesses the same property. It was shown in Q that /o G D{U) q generates the UqSi^- 
module D(U) q . In this context, the desired equality B q ^ a = B q ^ a becomes a consequence of 
B q , a fo = (1 - q 4a ){l ~ zz*) 2 ^ 1 = B q , a f . □ 

3 Berezin transform and Lap lace- Belt rami operator 

The following lemma is deduced from the relation 

oo 

(l-zz*) x =Y,l 2nX fm AgC 

n=0 

and (1.3): 

Lemma 3.1 For all m,j G Z + the following decomposition is valid in D(U)' q : 

l 4a+2 2\ 00 

p _ W ; g V 4cm p(n) /o i \ 



n=0 



with p z% = q 2{i+n) z j ■ fn ■ Z* m G £>(17),. 
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Let f,ip£ D(U) q . Consider the integral / ifi* ■ B q>a f dv as a function of t = q . Now 

u q 

proposition 2.1 and lemma 3.1 imply the analyticity of this function as t E [0, 1). Hence, one 
has 

(n) 

Proposition 3.2 There exists a unique sequence of U q sl2-module morphisms B q : D(U) q — > 
D(U)' q , n £ Z + , such that for all fe D{U) q 



B q ,a f= E 9 4Qn ^ n) / • 



(3.2) 



n=0 



(n) 

Our purpose is to prove that the linear operators B q are polynomials of Laplace-Beltrami 
operator in the quantum disc. 
Let 



= e t^#^ n (i - ^ (a - * 2 ) 2 t + 1 + e) + q ^) . (3.3) 



fc-i 



r fa 2 ;? 2 )* 



i=0 



Lemma 3.3 pj(n)f = q 2 i ■ fj for all j G Z + . 

Proof. Remind (8| that for all I £ C the basic hypergeometric series 

fl =3$2 



(l-zz*)- 1 ,?- 8 ,? 2 ^ 1 );? 2 ;!! 2 



converge in D(U)' and 



(l_ 9 -2i) (l _g 



,2£+2\ 



tpi. 



(1-q 2 ) 2 

By a virtue of |8|, §6], it suffices to show that for all I € C 

<T 2j • / <Pi ■Pji^fodv = / <P*fjdv. 



(3.4) 



After substituting I by / we find out that (3.4) is equivalent to 



Pj 



1 



-2/ 



)(l_ (? 2 ( m) ) - 



(l-g2)2 



3$2 



-2^-22^2(1+1). ^2 



Prove this relation. By the definition of 3<3?2 one has 

3$2 



Q 2 ,0 



3 (q- 2j -,Q 2 y ~ 



fc i=0 
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fo (V 'Q rk t=o K ' 

with u = —q 2l+2 — q~ 21 . It remains to prove that 

For that, it suffices to exclude u by a substitution u = —(1 — q 2 ) 2 t — 1 — q 2 . □ 
The next statement refines essentially proposition 3.2. 

o 

Proposition 3.4 For all fE D(U) q the following expansion in D(U)' is valid: 

B q>a f=(l-q 4a ) <r J -l'ji )/■ (3-5) 

Proof. One has the relation B qt(x fo = (1 — q 4a ) q( 4a + 2 ) k f k ( see example 2.4). Hence, 

fcez+ 

o 

in the special case f = fo our statement follows from lemma 3.3. It remains to take into 
account that /o generates the C/gB^-module D(U) q , and the operators B q ^ a , □ are morphisms 
of U q S [2-modules (see ]|, proposition 2.1]). □ 



Corollary 3.5 



4 Toeplitz-Bergman operators with bounded symbols 

It is very well known [||, |j that the *-algebra Pol(C) g has a unique up to unitary equivalence 
faithful irreducible representation. As it was described in Q, this representation T lives in 
a Hilbert space H constructed as a completion of the pre-Hilbert space H. Let L{H) be 
the algebra of all bounded operators in H and H' the vector space of all bounded antilinear 
functionals on H. One has 

End c (if) C L(H) C Rom c (H,H'). 

It was demonstrated in Q that the map T : Pol(C) 9 <^-> L(H) is extendable by a continuity 
up to the isomorphism T : D(U)' q ~ Homc(ff, H 1 ). 

We call a distribution / G D(U)' q bounded if T(f) £ L(H). Impose the notation 

L? = {/ G D(U)' q \ T(f) G L(H)}, ll/IU = ||T(/)||. 

(It is easy to show that the algebra L°° defined in this way is isomorphic to the enveloping 
von Neumann algebra of the C*-algebra of continuous functions in the quantum disk, which 
was considered, in particular, in Q). 
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Consider the subspaces 

C[z] qtOB = {f€ D(U) q \f-z = 0}, 
Hl OQ = {f £L 2 (U) q \f-z = 0}, 

c[[z]] g , 00 = {feD(uy q \f-z = o}. 

It follows from (9|, proposition 3.3] that 

C[z] qt0O = C[z] ■ f Q , C[[z]] qt0O = C[[z]] ■ f , 

and hence 

H~C[z] qt00 , HztH% t00 , H'~C[[z]] q>00 . 
T is unitarily equivalent to the representation T of Pol(C) g in H qoo given by 

T '. ip i > f ' ip'j fe Pol(C)„ ^ e H 2 ^ c D{U)' q . 

Thus, a distribution / S D(U)' q is bounded iff the linear operator T(f) is in L(H q oo ); in this 

case H/IU = ||f (/)||oo- 

The following proposition justifies the use of the symbol oo in the notation for the vector 
spaces C[z]q j00 , H% >oa , C[[z}] q>00 . 

Proposition 4.1 For any polynomial if) G C[z] q 

lim (tf),if)) q , a = J il)fo,ipf ). 
a— >oo 1 — Q 

Proof. 

(^,^)q,oo = lim T-(^,^) q,a= lim / V> ^fndv = 

= | f^=(tti/ ). □ 

The following remark will not be used in the sequel. Proposition 4.1 allows one to prove 
that the covariant algebra D(U) q is isomorphic to a "limit Fg tCX> °f covariant algebras F q>0 , as 
a — > oo" . This leads to an alternate scheme of producing the covariant algebra D(U) q of finite 
functions in the quantum disk. Under this scheme, at the first step a unitarizable Harish- 
Chandra module V a with lowest weight a > and the covariant algebras V a ®V* Endc(V r Q ) 
are constructed. The second step is in "passage to the limit" lim V a ® V* which is to be 

a— >+oo 

declared the algebra of finite functions in the quantum disk. 
Finally, impose the notation 

^g.oo = f End c (C[z]g i00 ,C[[2;]]g i00 ). 

It follows from the definitions that the representation T is extendable up to a bijection T : 
D{U)' TZFq^. 
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It should be noted that Pol(C) 9 C This can be deduced, for example, from the fact 
that the representation T of Pol(C) 9 in the pre-Hilbert space C[z]g i00 is a ^representation of 
this algebra. Hence, I - f(z)f{z*) > 0, \\f(z)\\ = \\f(z*)\\ = 1. 

Let A be a compact linear operator in a Hilbert space and \A\ = {A* A) 1 / 2 . Consider the 
sequence of eigenvalues of \A\, with their multiplicities being taken into account: 

si{A) > s 2 {A) > .... 

The numbers s p (A), peN, are called s-values of A. 

Remind the notation Soo for the ideal of all compact operators in a Hilbert space, together 
with the notation 

14= , S p = {AeS 00 \\\A\\ J ,<oo}, p>0, 

\neN / 

for the normed ideals of von Neumann-Schatten (see ||). 
Lemma 4.2 For any function ip G D(U) q 

W = (i-g 2 ) 1/2 -ll^(i-^T 1/2 )ll2, 

1/2 

with \\ip\\ = / tl)*ipdv 



Proof. It follows from (1.1) and the well known tracial properties of an operator A G S\ 
that 

= (1 - q 2 )tvf (ip*ip(l - zz*)- 1 ) = (1 - q 2 )tvf ((1 - zz*y l/2 ^*^{l - zz*)- 1 ' 2 ). □ 



Corollary 4.3 Let /G L™ , if) G &en / V G £ 2 (^) 9 and II / V'll < II / IU 

Proof. 

ii / vii = (i - g 2 ) 1/2 \\f Cf)f m - z Z *r 1/2 )h < 

< (1 - q 2 ) 1/2 \\f(f)\\ ■ || W - ^T 1/2 )|| 2 = II / Hoc • IIVII- □ 

o 

It follows from the boundedness of the multiplication operator by a bounded function /: 

D(U) q ^L 2 (du) q , V^/V 
that it admits an extension by a continuity onto the entire space L 2 {dv) q . This allows one to 

^ o 

define a Toeplitz-Bergman operator / with symbol /G 
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By a virtue of corollary 4.3 one has 

11/11 < II / Hoc, (4.1) 
with ll/H being the norm of the operator / in H^ a . Thus we get a norm decreasing linear 

o ^ 

map L°° — > L(Hq a ), /. This definition generalizes that of a Toeplitz-Bergman operator 
with finite symbol (see section 2). 

5 Berezin transform: bounded functions 

The C/qS^-module C[z] g)Q , is formed by polynomials ip = J2 ^{ip) z % . Consider a completion 

of this vector space in the topology of coefhcientwise convergence, and impose the 

notation F q ^ a = f Homc(C[z] giQ: , C[[z]] 9)Q: ) for the corresponding completion of F q ^ a . Equip 
F q a with the topology of pointwise (strong) convergence: 

lim A n = A 4^ W> G C[z] g a lim A n ib = Aib. 

n— >oo n— »oo 

Evidently, C[z] q , a C H q a C C[[z]],, a , and so 

F q,a C L (. H q,a) C ^<?,a- 

The representation operators of E 1 , F, K ±x in C[^] 5)Q , have degrees +1, —1, respectively. 
Hence they are extendable by a continuity from C[z] gjQ onto C[[z]] gjQ ,, and from F q ^ a onto 

Fq,a- 

Of course, F q a is a covariant bimodule over the covariant algebra F q a . It is easy to show 
that the linear functional 

is extendable by a continuity up to a morphism of [/^s^-modules F qa <g> i*^ a — > C. 

Define a covariant symbol / G D(U)' q of a linear operator / G ^<j,a by (2.1). The map 
Fq )Q , — > D(U)' q arising this way is a [/^s^-module morphism. 

In the following proposition we use notation / for a linear operator without assuming it 
to be a Toeplitz-Bergman operator. 

Proposition 5.1 Let f be a linear operator 

/:C[z],, Q -C[[z]],, a , f:z?~ /«^ m ' -?' eZ +- 

The series ^ ' fjmPz,mjQ ^ converges in D(U) q to the covariant symbol off. 

j,meZ+ 

o 

Proof. It follows from the results of section 1 that for any ^G D(U) q all but finitely many 

of integrals J P z ,mj ip {z)dv{z) are zero. This allows one to reproduce literally the argument 

u q 

used in the proof of proposition 2.1. □ 
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Let /G and / G L(H^ ) C F qa be the Toeplitz-Bergman operator with symbol 

o o 

/. We follow 1 13] in using the term "Berezin transform of the function /" for the covariant 
symbol of the linear operator /. 

Our purpose is to decompose the operator-function B q ^ a : L2° — * D(U)' q into series in 
powers of t = q 4a (cf. (3.5)). 

One can use again the argument of proposition 1.5 to get (1.4) for all bounded symbols 

/€ L~. An application of (1.1) and the fact that T((l - zz*) 2a ) is a trace class operator for 
all a > 0, yields also 

o 

Proposition 5.2 For all /G L2° m,j G Z + 

fmj = ( g 2. g2) J m ' C 1 - ? ) • tr (^(^C 1 - ^*) 2 ^* m )r(/)J . 

Let be the vector space of holomorphic functions in the unit disc with values in the 
Banach algebra Si of trace class operators in H. (Each function Q(t) from O admits a 
expansion into the power series Q(t) = t n ' with lim < 1.) 



Proposition 5.3 For all j, m G Z^ 



£ t n ■ T(Z> ■ fn ■ Z* m ) G O. 



Proof. Remind that T(z)T(z*) = 1- J2 g 2n -r(/„), and that T(/ n ) are one-dimensional 
projections, n G Z + . Hence ||T(z)|| = ||T(z*)|| = ||T(/„)||i = 1. Finally, 

\\f(z^ n z* m )\\i < \\T(z)\\ j ■ \\f (/ n )iii • iif coir = i- ° 

Propositions 5.2, 5.3 and the definition of Berezin transform imply 

Corollary 5.4 Let ip G D{U) q . There exists a unique function Q^(t) G O such that 

J (B q>a f)^dv = tr (f (°f)Q^ a )) 
u q 

for allfe L™. 

Proof. The uniqueness of Qih{t) is evident. In fact, given such A G L(H) that for all 
( - ° \ 

/G D(U) q one has tr I T(f)A I = 0, then surely ^4 = 0. The existence of G follows from 
propositions 5.2, 5.3 and the definition of Berezin transform. □ 

The coefficients of the Taylor series for the holomorphic function (t) at t = are trace 
class operators. One can use (3.5) and (1.1) to express those coefficients via the operators 
T(pj(n)?p), j g Z + . Thus we get the following 
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Proposition 5.5 Let /s 

1. For all a > one has a expansion in D(U)' 

nd'Lj r 

2. For all ifi 6 D(U) q one has the asymptotic expansion 

B q , a f) ^olv ~ £ q 4an f (bM f) ^dv. (5.2) 



Here B q n> : D(U)' q — > D(U)' q are polynomial functions of the Laplace- Beltrami operator, given 
explicitly by (3.6). 




6 Covariant symbols 

The notation z, z* in || stand for the Toeplitz-Bergman operators with symbols z, z*. Those 
are defined in the graded vector space C[z] 9ia , with deg(z) = +1, deg(z*) = —1. Hence for 
any matrix (aij)ijez + with numerical entries, series 

i,jeZ+ 

converge in the topological vector space F q>a = Homc(C[z] g)Q , C[[V]] 9)Q ). 
Proposition 6.1 fz n = >J b mn z m , n <E Z+, 

min(m,n) / 2n. „-2\ 
with u _ V- l g ' 9 ^ n -J q • • 

j y M— j 



Proof. It suffices to apply the relations 



1 _ q 4a+2m Z , m^U ^ ^ 

, m = 

which were established in ||, section 7] (see also 0). □ 

Corollary 6.2 For any linear operator f € -F^a i/iere exists a unique decomposition (6.1). 



13 



[ i — q^a 7=0 

Example 6.3. Consider the linear operator / : z 3 i— > < ^ ' . _^ ^ , j 1 € Z + . 
Prove that 

oo / —4 a —2 2\ 

/ = (1 - tfto) 53 (g . 2 ' g J * g (^)*S*yfc. (6.3) 

fe=o W ,9 Jfe 

Pass from the equality of operators to the equalities of their matricial elements with respect 
to the base {^ ri }nez + - Of course, all the non-diagonal elements are zero. An identification of 
the diagonal elements yields 

f Q 4a+2j -2\ . 

It suffices to consider the case j > 0. Multiply (6.4) by ^ 2 j. -2^ to § e * 

f (<T 4a - 2 ;g 2 ) fc (g^V. „(4a + 2) fe=n 

t (? 2 ;? 2 )* ' (q 2 ;q 2 ) 3 ~k ' q 

That is, 

V (q~ ia ~ 2 ;q 2 )k u a+2)k (q ia+2 ;q 2 ) m 

k h= 3 (<^ 2 )* ' q ' ' 

So, it remains to consider the q-binomial series (see 0|): 

(q~ 4a ~ 2 ;q 2 )k Ua+2)k ±k (*;9 2 )oo 



* (q^q 



2^ ' 

00 



and to observe that a(t) • b(t) = 1. □ 

It was noted in section 1 that /o is a Toeplitz-Bergman operator with symbol fa. This 
element generates the topological C/gS ^-module F q>a , as one can see from 



Proposition 6.4 UgShfa = Fga- 



(q 2 ;r^ 



Proof. Since for all i,j,n € Z+, z 1 faz* n : z j ^ (1 - g 4a ) • ^. • d^jg*, the linear 

operators {?/o?* n }i,neZ + generate F giQ! as a vector space. It remains to show that all those 
operators are in the [/^S^-module generated by fa. For that, it suffices to reproduce the proof 
of theorem 3.9]. One has only to alter the notation for the generators (now they are z, 2*, 
Jo), together with the constants in formulae which describe the action of X ± on fa: 

X + f = c'z ■ fa; X-f = c"fa ■ T- c 1 , c" + 0. 

These relations follow from proposition 1.2, H, proposition 3.8], and 

CzJo = Czfo, Cfa? = Cfa?. 
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The latter relations can be deduced from 

Im zf = Im f z* = C; Ker f = Ker zf = C x . 

It was shown in |Jsj, section 1] that for any / € D(U)' q there exists a unique decomposition 
/ = Q-jkZ 3 z* k similar to (6.1). 

Example 6.5. Prove that 

(1 _ g 4«)(i _ zz *)2«+i = (i _ iq ~ { "l +2) ' q2)k q^ a+ ^ k z k z* k . (6.5) 

kez+ il >1 )k 

Apply the operator T to the both parts of (6.5) and identify the matricial elements with 
respect to the base {z m } (it suffices to consider the diagonal elements). 
Use the relations [] 



T(z)z m = z m+1 , T(z*)z r ' 



(1 - q lm) z m-l ; m ^ o 

, m = 



to get 



3 („-ia-2. „2\ 
k=0 W ><? )k 

V (g- 4Q - 2 ;g 2 ) fc f4a + 2) fc 1 g 2j(2Q+1) 

fe+ tr =j ^ 2 ;<? 2 )* '(^ 2 ;g 2 ) m (<? 2 ;gV 

It remains to pass to the q-binomial decompositions (see Q) in the both sides of the obvious 
relation a(t)b(t) = c(t), with 



Proposition 6.6 The covariant symbol of the operator f = £ a-jkZ^z* k is 
f= £ a jk ziz* k . 

j,k£Z + 

Proof. Let S' qa : F q ^ a — > D(U)' q be the map which takes a linear operator / € to 
its covariant symbol. We have to prove that this map coincides with the map S q a : F q ^ a — > 
D(U)' q , given by S qa : £ a-jkZ-'z^ 1— > £ ctjkZ J ' z* . The linear operators S' , S" are 

morphisms of C/gS^-modules, and the element /o generates the topological L^S^-module F q ^ Q 
by proposition 6.4. Thus it suffices to obtain the relation S fo = S' f$. It was shown in section 
2thatS'(/ ) = (l-q ia ){l-zz*) 2a+l . So it remains to see that S" (/ ) = (l-q 4a ){l-zz*) 2a+1 . 
This follows from (6.3), (6.5). □ 



1 These relations can be deduced from (6.2) via passage to the limit as a — » 00, 
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Corollary 6.7 The map Fq a — > D(UYg which takes a linear operator to its covariant symbol 
is one-to-one. 

To conclude, we give another illustration of corollary 6.2. Our immediate purpose is to 
get the expansion z*z = V] CkZ k z* k and to find a generating function c(u) = V] CfcU fe . 

By (6.2), the coefficients c& can be found from the system of equations 

™ (g^;g- 2 ) fc 1 ~ g 2 ( m+1 > - _ 

Apply an expansion of the right hand side of (6.6) as series: 
1 „2(m+l) 

For a fixed j € N consider the system of equations 

m i 2m. -2\ 

Multiply (6.7) by ^^z.^ — and convert it to the form 



/ 4a+2 2y / 4a+2 2\ 

^ ( q 2. q 2 V ~g (q 2. q2) • ( 6 - 8 ) 

i+k=m KQ >Q h {Q ,Q )m 



Introduce the generating functions 



( 4a+2. 2) ( 4q+2+2j 2 



loo 



- v (g 4Q+2 ;g 2 )y - (g 4a+2 ^g 2 )oo 



It follows from(6.8) that 

/ n del k ' ! " ; ; / ' / 



a(u) (^;g 2 )i 



Turn back to the initial system (6.6) to obtain 

„2 



c(u) = ! + £(!- ^ 4a )g (2a+1)2 \ q r + ; 2l. j q2) , (6-9) 
jeN W u,q >3 
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7 * - Product 

Let A be an algebra over C. Impose the notation 



C[[q ia ]] = { £ g 4 X|n n GC,nGZ H 

^ 4o ]] = <! E q ia a n \a n eA 

for the ring of formal series with complex coefficients and the C[[g 4a ]] -algebra of formal series 
with coefficients from A. 

Our goal is to derive a new "distorted" multiplication in the C[[g 4a ]]-algebra Pol(C) g [[g 4a ]] 
from an ordinary multiplication in the C[[g 4a ]]-algebra End(C[z]g i00 )[[g 4a ]]. 

The presence of the base {z m }^ =0 in each vector space C[z]g iQ , C[z] 9)0 o allows one to 
"identify" them via the isomorphisms i a : C[z] 9)QO — » C[z] ?)a ; i a : z m i— > z m , m £ Z + . 

Consider the linear operators i~ 1 ^z*'"i a , j, k G Z + in C[z] 9itX) . It follows from (6.2) that 

/'„2m. — 2\ 

From now on we shall identify the rational function . A a +2m — -2\ °f an indeterminate 

w )k 

t = q 4a with its q-binomial series (see 0]) 

/ 4a+2m+2 . 2\ / ( 2k 2\ \ 

W ; g Joo _ V"^ [ W ; g M _ rt 2(m-fc+l)n j n 4on 



(g 4 a+ 2 m+ 2-2 fe;g2)oo ^y {q 2. q 2 )n 



q 



The construction of *-product will be done via the C[[g 4a ]] -linear map 

Q : Pol(C)J[g 4Q ]] - End(C[z] gi00 )[[g 4 «]] 

defined as follows: 



7V(n) N(n) 

Q: E ? 4Qn E ogW*.-> E ^ E ^kC( 



for all numbers £ C. 

Lemma 7.1 TTie map Q is injective. 

Proof. In the case Q has a non-trivial kernel, there should be for some j, k € Z + , 
E c n P' +n r (fc+n) = 0, with c n E C[[g 4a ]], n G Z+, and c / 0. An application of the 

operator c ri F +n 2* (A:+?1 ^ to the vector z k yields c • , aL^rr • = 0, which is a 

(9 + !9 )fc 

contradiction. □ 
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o ^ o 

Lemma 7.2 Let j,k E Z + and f= z*^z k . The Toeplitz- Bergman operator f with symbol f 
is z* j z k . 

Proof. For all fa, fa G H^ a one has 

(ffa,fa)q,a = { P q,a( Z * : , Z k fa),fa)q,a 
= (z k fa,Z J 4) 2 )q,a 

The main result of this section is 
Proposition 7.3 There exists a unique C[[q 4a }]- bilinear map 

* : Poi(cy[g 4a ]] x Poi(C)j[g 4Q ]] -> Poi(cy[rt 

sucfc too* Q(/i * f 2 ) = (Q/i) • (Q/ 2 ) /or a// /!,/ 2 G Pol(C) 9 [[g 4a ]]. 

Proof. The uniqueness follows from lemma 7.1. The existence of this C[[g 4a ]] -bilinear 
map will be established via verifying an explicit formula (7.4). We start with considering the 
case /1 = z*, f 2 = z. 

In section 6 a generating function c(u) = c kU k for the coefficients of the expansion 

Tz = ]T c k ^T k (7.2) 

was derived. Prove that 

B q , a (z*z) = c ^ k z* k - (7.3) 

In fact, the distribution B qtQ .(z*z) coincides with the covariant symbol of the Toeplitz- 
Bergman operator with symbol z*z. This operator is z*z by a virtue of corollary 7.2. Its 
covariant symbol is cuz k z* k due to proposition 6.6. 

It should be noted that B q ^ a (z*z) G Pol(C)J[g 4a ]]. In fact, (6.9) implies 

c(u)=c(u,q 4a ) = ]T q 4an -P n (u), 

with P n {u) being a polynomial of a degree at most n + 1. Now our statement in the case 
fi = z*, f 2 = z follows from (7.2) and (7.3): 

Z* * Z = B q!a (z*z). 

In a more general setting fx = z* m , f 2 = z k , m,k G Z + , one can use a similar argument. 
One has: 

z * m * z k = B q ^{z* m z k ). 

The relations Q(zf) = zQ(f), Q{fz*) = Q(f)z*, f G Pol(C) q [[q 4a }}, allow one to consider 
even more general case of /1, f 2 G Pol(C) ? : 

z i z *m + z fc z *j = z < B(i)a ( z *m ;8 fcj jZ *j ; G Z+. (7.4) 



(z* j z k fa,fa) q , a = (z k fa,z j fa) q , a 



□ 
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To complete the proof of proposition 7.3, it remains to define the *-product of formal 
series: 

E i 4m fi ] * E ^f? = E i ian { E f? * A 3) 

ieZ+ jfeZ+ nGZ+ \i+j=n 

with/f,/^ GPol(C) g , i,jeZ + . □ 
Remark 7.4. The polynomials P n (u), n € Z+, could be found without application of the 
explicit formula for generating function (6.9). In fact, if one sets up Ck = E 9 4anc i > 

n+1 

z*z= E g 4m ^4 n ¥r fc . (7.5) 

n£Z + fc=0 

The constants cj;, could be found from the relation (see ||) 

Tz = q 2 zz* + 1 - q 2 + q Aa ■ i— ^ • (1 - 22*) (1 - 2*2). 

(For example, Pq = CqU + = q 2 u + 1 — q 2 .) This kind of description for coefficients 
in (7.5) was used in |§. We observe that the *-product introduced here coincides with the 
^-product considered in M. 



8 * - Product and q-differential operators 

P)i r ) f)(l) r)( r ) fl 

The operators □, g^r, Hj^-, were introduced in g. 

Lemma 8.1 Lei (f,ip be polynomials of one indeterminate. Then 

Proof. Since dz* ■ z = q 2 z ■ dz*, one has 
0(r) 



dz 



-(<p&Mz)) ■ dz* = difp&Wz)) = (dtp(z*)Mz) = 

dz*-il>{z) = — ^-^-i;(q 2 z)-dz*. a 



dz* dz 

Lemma 8.2 For all ^{z) 6 C[*] 9 , = 
Proof. Since dz ■ z = g 2 z • dz, one has 



az <9z <9z 
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Proposition 8.3 Let /i,/2 be polynomials of one indeterminate. Then 



2 9 {r) f2 n * n2 d^h 



n(f 2 (z*)h(z)) = q< ■ • (1 - zz*Y ■ (8.1) 



Proof. It follows from [11, corollary 2.9] that 



□(/aCO/iGO) = <? 2 ( ^^"(/aCO/iW)) J (1 " 



I dz* \ dz 
Apply lemmas 8.1, 8.2 to conclude that 

o (/2(z . )/l(z)) ^- 2 ^.^£) (1 _^. 

It remains to apply the commutation relation z(l — z* z) 2 = q~ 4 (l — z* z) 2 z. □ 
Remind the notation from ||]: 

□= q~ 2 (l - (1 + q~ 2 )z* ®z + q~ 2 z* 2 ® z 2 ) • — <g> — , 

m : Pol(C), ® Pol(C), -> Pol(C)„ m : Vi <8> ih ^: 
Now we are in a position to prove |Jsj, theorem 7.3]. 

Theorem 8.4 For all fx, f 2 € Pol(C) g 

A * / 2 = (l - <z 4a ) • E s 4a 'Mp;( a )/i ® A), 

withpj, j € Z +; being the polynomials determined by (3.3). 

Proof. With fx, f 2 , /3, fi G C[z] g , one can deduce from the results of section 7 that 

(fi(z)f 2 (z)*) * Mz)U(z)*) = fi(z)B qia (Mz)*f 3 (z))U(z)*. (8.1) 
An application of the results of section 5 to the bounded function fz(z)* f 3 (z) yields: 

B q Mzyh{z)) a ^{i- q ^) £ q ^p 3 (n)(f 2 ( z yf 3 (z)). 

jez+ 

It remains to apply proposition 8.3 and the definition of □. □ 

Remark 8.5. One can observe from proposition 2.5 that (8.1) is a q- analogue of relation 
(4.7) from §. 
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Appendix. Overflowing vector systems 

Unlike the main text where a was allowed to be an arbitrary positive number, let us assume 
now a G |N. 

Remind the notation X for the quantum principal homogeneous space, and % : D(U)' q 
D(X) q for the canonical embedding of distribution spaces (see £[(]]). 
Consider the embedding of vector spaces 

i a : Pol(C), D(X)' q , »„:/-> *(/) ■ t^ 20-1 - 

Equip Pol(C) g with a new L^S^-module structure given by i a £f = £i a f for all / G Pol(C) 9 , 
£ € C/qS^. Denote this C/qS ^-module by Pol(C) 9)Q: . There exists an embedding C[z] gjQ <—* 
Pol(C),, a . 

The results of [jO], section 6] imply 

Proposition A.l. The linear map D{X) q — ► C[z] 9iQI given by 

x q 

is a morphism of U q sl2 -modules. 

Proposition A.l allows one to treat the function r*2 2a ^ • (zC,*\ Q 2 )2a+i as a q-analogue 
of a coherent state in the sense of Perelomov Q . 

Corollary A. 2. For all tp G D(U) q 



P q ^(z) = J (zC;q')2a+M0dM0- (A.i) 
u q 

Proof. Consider the integral operator 

P : D(U) q C[z] q>a ; P : i>(z) ^ J (z(* l q^a+l^O^a. 

It is a morphism of t/gS^-modules, as one can deduce from proposition A.l. The orthopro- 
jection P q ^ a is also a morphism of [/^S^-modules, due to the invariance of the scalar product 
in H qa . It remains to use the relations Pfo = 1 — q 4a , P q , a fo = 1 — Q 4a , together with the 
fact that fo generates the U q S [2-module D{U) q (see ||). □ 

Remark A. 3. (A.l) means that the distribution (-^C* j 9 2 )2a+i * s a reproducing kernel. 

o o 

Let us find the kernel of the integral operator P q ^ a f P q>a - For /, i[> G D(U) q one has by 
corollary A. 2 

o r o 

Pq,a f Pq,a ■ lp(z) >-> / K q (f '] Z , z')l\){z')dv a (z') , 



with 

-*. „2\-l t f/-J*. „2\ — 1 



K q (f;z,z') = / (zC;q 2 )2a + i f (0 ■ (CA <r)£+i<MC)- 
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Now an application of lemma 1.4 yields 

o 1 _ ,74a r- o 

K q (f-z,z') = T A r y «*;^) 2 i +1 / (C)(C^;g 2 ) 2 -i +1 (i - CC) 2a+1 dv(0 = 
u q 

1 _ r A a r o 

= J K^fi-i* 1 - CC*) 2o, (^C , ;5 2 )i-i- / (i - CC)<MC) = 
u q 

1 — (7 4a /■ ° 

= T^V i (1 " cc * )(Cz '* ;(?2) ^+i(i - CC) 2a (zC;q 2 )^ +1 f cfa/(C). 

Finally, use the relation (1 - (C*)C = g 2 C(l — CO to obtain 

o 

Proposition A. 4. P q ^ a f P q ^ a is an integral operator: 

P q , a f P q ,*i>(z) = J K q (f;z,z')^(z')du a (z'), 

whose kernel is given by 

K q (f;z,z') = — ^ y fccGM* • fccW / (0<MC), 

luitft fc f (^) = (l - CCT +1/2 • (C*;? 2 )^! e ^ x ^ 

Proposition A. 4 allows one to treat the distribution fcf (z) as a q-analogue of an overflowing 
vector system. 
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